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Abstract.

We consider the classic problem of selling a single item to a stream of buyers with private values,
which is a well-studied setting of single-choice i.i.d. prophet inequality. The optimal online policy and
uniform pricing are crucially dependent on demand n, i.e., the number of buyers in the stream. In practice,
such as online commerce applications, the demand is often hard to predict and estimate in advance. To
address this unpredictability of the demand, we propose a natural online learning setting in which an
adversary chooses n and the algorithm learns the demand by observing the arrival times of the buyers.
We assume that customers in the stream arrive independently at random times drawn from a known
distribution. This model is equivalent to uniform i.i.d. arrivals in the [0, 1] time interval. We evaluate
the online algorithm in the worst case over the demand n against two standard benchmarks: the offline
prophet OFF(n) and the optimal online policy ON(n) with known demand n.

We analyze single-threshold strategies that use the first arrival time ¢, as a one-point estimator of
demand and then commit to a uniform price. We first show that a simple rule is 1/2-competitive
with respect to the OFF benchmark and find a more sophisticated rule that achieves a In3/2 ~ 0.549
competitive ratio. Finally, we develop fully polynomial-time approximation schemes (FPTAS) to compute
near-optimal unknown-demand policies against both benchmarks. The core of our approach is a no-regret
learning procedure that computes a Nash equilibrium in a zero-sum game between the algorithm and an
adversary who chooses n. As an application, we implement our FPTAS and identify instances showing a
separation in approximation ratio between our unknown-demand model and the classical known-demand
i.i.d. prophet inequality.

1 Introduction

We consider the fundamental economic problem of selling a single item to buyers with private values
to maximize the seller’s revenue. The seminal Myerson’s paper [29] tells us that the best the seller can
do for L.I.D. buyers is to run a second-price auction with a common reserve price. However, running an
auction is often infeasible, and in practice a commonly used approach is to sell an item via posted prices,
i.e., let buyers arrive sequentially and offer each of them a take-it-or-leave-it price. The posted pricing
mechanisms have been extensively studied in the fields of marketing [7,10] and econ-cs [2,5,8,19,23,34]
and have been directly connected [9,23] to the prophet inequality in optimal stopping theory.

Prophet Inequality. In the standard single-choice I.I.D. prophet inequality, n agents arrive one by one

and reveal their non-negative real values v = (v;);c[,]. These values are drawn independently from the

same known distribution v; ~ F,, i.e., v ~ F with F = H:‘L:1 F,. It observes the values and has to

make an irrevocable decision upon the arrival of each agent: either discard the agent and continue, or

accept his value and stop. The goal is to maximize the expectation of the stopping value. The value of the

optimal online algorithm ON(n) is compared with the expected offline optimum (also called the prophet)
ON(n

OFF(n), and the prophet inequality refers to the worst-case approximation ratio o = il}f O?((n))’ which
n,ly

is known to be equal to o = 0.745 [1, 15,24]. Crucially, both ON and OFF algorithms know the demand
(number of agents) n in advance, however, which is often hard to estimate in an online setting.

Unknown Demand. In most online commerce applications, the seller does not know the population of
buyers and instead advertises the goods online to the stream of incoming visitors on a website. The seller



can typically estimate website traffic as a function of time, but may not easily predict the conversion rate
(the interest of people from the stream in the good) in a single-item advertising campaign. In other words,
it may be unrealistic to have a known demand n, or even any prior Bayesian belief n ~ F;, for a stream.
It is natural to assume that initially the seller knows nothing about demand n, but learns it over time based
on the conversion of traffic to prospective buyers. In mathematical terms, we can capture this learning
process by modeling each buyer’s arrival as an independent random variable that follows the common
traffic distribution over time. The online algorithm observes the visit times of prospective buyers and can
adjust the offered price as a function of time. These scenarios can be formally described as follows.

1.1 OQOur Setting

We consider a single-item prophet inequality with i.i.d. values and an unknown number of agents n € N.

. def . . . . .
Each agent i € [n] == {1,...,n} arrives at a time ¢; € [0, 1] uniformly at random. That is, the arrival
times {t;};c[n are drawn i.i.d. from the uniform distribution! on [0, 1]. For convenience, we order

agents according to their arrival and write their arrival times as a vector t(n) def (t1,...,tn) with
tg <tg < - <y

Upon arrival at time ¢;, we observe the value v; of the agent 7. The demand n is unknown to the online
algorithm and may be chosen by an adversary. Thus, at time ¢;, the algorithm observes the pair (¢;, v;)

and must irrevocably decide whether to stop at ¢ and receive the reward v;, or reject and continue. If the

algorithm never accepts any agent, its payoff is 0. The values v(n) def (vi)ie[n) are drawn i.i.d. from the
known prior distribution 7 on R and are mutually independent of arrival times (t;);c|n)-

We write ALG(v, t) for the (possibly randomized) payoff of a given online algorithm ALG on the
realization (v, t). All expectations are taken with respect to the randomness in (v, t) (and the internal
randomness of ALG, if any). Since the demand n is unknown and may be chosen by an adversary, an
“optimal” online policy that is allowed to depend directly on n is no longer well defined. Instead of
searching for such a policy, we compare algorithms in our unknown-demand model against standard
benchmarks from the classical single-choice i.i.d. prophet inequality with known demand.

Benchmarks. When the number of agents n is known, the standard upper bounds are as follows.

* The offline prophet benchmark OFF (n), which knows all the values and arrival times in advance
and always selects the maximum value OFF(n) = Ey(,)[max;cf,) vi).

* The online benchmark with known demand ON(n), which is the value of the optimal online policy
when both n and F are known. In this case, the information about arrival times t(n) can be ignored,
and the optimal policy is a threshold-based strategy: there exist thresholds (Tk)ke[n} such that the
algorithm accepts the first agent ¢ with v; > 7;, where the thresholds are given by a simple dynamic

program 7, = 0 and 7, = E, r[max{7g41,v}] fork =0,...,n — 1.

Competitive ratios. We measure the performance of an online algorithm ALG that does not know 7 in
advance in the worst case over all possible demands n € N. We consider two competitive ratios, one
against the offline prophet benchmark and one against the best online benchmark with known demand:

v(n)t(n) [ALG(v(n), t(n))]

ALG) =i fE
Yore ( )_71121\]

OFF(n) ’
Ton(ALG) = Tn ON(n) '

Here, both vectors v(n) and t(n) are composed of n random variables. When the algorithm ALG is clear
from context, we simply write v, and 7, .

! Assuming uniformity of the arrival time is without loss of generality, as one can arbitrarily stretch and compress different
intervals on the timeline.



Known Bounds. Given the relation between the ON and OFF benchmarks for each n, we have
1 > Yon = Yore for any fixed algorithm ALG. Moreover, ON(n) > ALG(n) for any demand n. This
means that ... < 0.745, since the worst-case ratio between ON(n) and OFF(n) approaches o ~ 0.745
as n — oo. This raises a natural question: “Is the bound o ~ 0.745 tight even when the demand
is unknown, or is the problem with the unknown demand more difficult?” A similar question in the
case of known demand n about a separation between the I.I.D. prophet inequality with unknown value
distribution and the secretary problem has a negative answer [14]. Specifically, [14] showed that if the
algorithm knows demand n, but does not know the value distribution in the L.1.D. Prophet Inequality, then
it cannot do better than the simple 1/e competitive algorithm for the secretary problem. In fact, the same
1/e-competitive algorithm for the version of the problem with uniform arrival times (see, e.g. [6] or [20])
yields a 1/e lower bound on ., > v, > 1/e.

Necessity of knowing the traffic distribution over time. We emphasize that ALG must have some prior
information about the distribution of each agent’s arrival time. Indeed, without knowing this distribution,
one cannot meaningfully predict future demand n at any point in time against the worst-case adversary
and thus cannot achieve a constant competitive ratio. The following Theorem 1.1 formalizes this intuition
by showing that no online algorithm can guarantee a constant competitive ratio with respect to OFF(n)
simultaneously over all i.i.d. distributions of arrival times and demand values n. The proof of Theorem 1.1
is given in the appendix.

Theorem 1.1. For every constant ¢ > 0 and any online algorithm ALG there exists an instance (value
distribution F, demand n, and distribution T of arrival time) such that E[ALG(t,v)] < c-E[OFF(t,v)],
where agents arrive at i.i.d. times t ~ T and have i.i.d. values v ~ F".

1.2 Related Work

Hajiaghayi et al. [23] and Chawla et al. [9] have noted a direct connection of posted pricing to prophet
inequality. Since then, different variants and combinatorial extensions of the prophet inequality have
become an active research area in their own right [11,17,18,27,31] (see [28] for a survey). The single-
choice L.I.D. prophet inequality was first considered by Hill and Kertz [24]. The optimal online algorithm
is a ~ 0.745-competitive [1, 15,24] against the prophet, and a single-threshold online algorithm is
1-— %-competitive and this bound is tight [18].

In recent years, many works have considered prophet inequalities in the learning framework, where
prior value distributions F}, are not known but given with only a few independent and identically
distributed (I.I.D.) samples. For the classic single choice (non L.I.D.) prophet inequality [32] shows that 1
sample per distribution is enough to get the tight 1/2 approximation. For the LLD. case [14] first proved
that O(n?) samples are sufficient to obtain the best possible competitive ratio of 0.745 — ¢. This sample
complexity bound was later improved to O(n /%) by [32], to O(n/e?) by [22], and by [11] to O(n/¢).
With exactly n samples, [14] showed how to achieve _; approximation, and later better approximations
were obtained in [12,13,26]. For the non I.I.D. case with I.I.D. arrivals or the free-order arrivals, i.e.,
where the algorithm chooses the arrival order, [16] shows that O(n /%) samples are enough to match
the respective approximation guaranties in the full-information case. Finally, [21] and [11] consider
the regime with a low number of samples (less than one sample per distribution). [21] showed that the
approximation guaranty smoothly degrades from 1/2 to 0 respectively for the non L.1D. case, and [11]
showed a similar smooth interpolation between 0.745 and 1/e for the L.I.D. case. The latter bound of 1/e
corresponds to the 1/e guaranty in the secretary problem for the case of a completely unknown prior F,.

All works mentioned above assume that the demand n is known in advance. The uncertainty about
demand n in the prophet inequality is much less understood. Allaart [4] considers the model with a known
Poisson distribution n ~ F,,. More recently, Alijani et al. [3] considered the L.I.D. prophet inequality
with demand n drawn from a known MHR distribution n ~ F},. They showed that a single-threshold
strategy gives a 2 — i—approximation for F,, with mean p. Importantly, both papers assume prior
Bayesian knowledge about the demand n. Our work introduces a natural online learning framework for



the uncertainty of demand n and thus complements the literature on learning the value distribution F to
learning the demand n.

On the other hand, a closely related setting of the secretary problem has been studied under the
assumption that the number of candidates n is not known in advance. In particular, [30] described
how to reduce the problem to optimal stopping on a Markov chain for any given distribution n ~ Fj,.
Stewart [33] considers the model with unknown n, but where the arrival times of the candidates are
independently distributed exponential random variables. Hill and Krengel [25] studied the min-max
optimal policy for the secretary problem, where only an upper bound n < N is known, and showed that it
is G(ﬁ) competitive. Recently, [35] proposed three variants of the secretary problem with unknown n:
(1) known distribution n ~ F},, (ii) worst-case n with a given upper bound n < N; (iii) worst-case n with
a given expectation E[n] = u. They obtain a list of approximation results for the class of single-threshold
strategies.

1.3 Our Results

We investigate how well a seller can perform in the single-item [.I.D. prophet setting when the demand
n is unknown and must be learned from the buyers’ arrival pattern. Our approach is to benchmark
performance by establishing upper and lower bounds on the competitive ratio relative to the offline
prophet OFF. We also study this problem under a computational lens by searching for the min-max
optimal online algorithm against ON and OFF benchmarks. Our contributions are as follows.

Single-threshold algorithms. In Section 2, we first study simple algorithms that use a single threshold
determined by the arrival time of the first agent. In particular, we show that using the first arrival
time ¢; as a quantile threshold already yields a 1/2-competitive algorithm, improving over the
simple 1/e bound inherited from the secretary problem. We also find another single-threshold
algorithm and, through a more involved analysis, show that it achieves a competitive ratio of 0.549.
We empirically evaluated a broader family of linear threshold policies with one-point and two-
point estimators that include the two single-threshold algorithms above. A grid search over the
parameters demonstrates that these families can outperform the worst-case guarantees for the
analytically designed single-threshold rules, achieving competitive ratios above 0.59 (one-point)
and 0.61 (two-points) on demands up to n < 100 (Section 2.3, Figures 1-2).

FPTAS for the optimal online algorithm. Unlike the case of known demand n, it is no longer clear
how to describe online algorithms with the optimal competitive ratio for unknown demand. The
main challenge comes from the case when the demand n is small and cannot be easily estimated
in a short period of time. In Section 3 and Section 4, we provide a Fully Polynomial-Time
Approximation Schemes (FPTAS) for the optimal online algorithm against the online and offline
benchmarks. Our algorithms rely on no-regret learning in a zero-sum game played between the
algorithm and another player who adversarially chooses the demand n.

Separation from the classical L.L.D. prophet inequality. In Section 5, we establish a clear separation
between the I.I.D. Prophet Inequality with the known demand and our setting with unknown
demand. Specifically, we found a concrete instance with a competitive ratio below 0.739 by
implementing our FPTAS in a simulated annealing search. This demonstrates that our FPTAS is not
just a theoretical complexity result but an algorithm that can be efficiently implemented in practice.

2 Single Threshold Algorithms

In this section, we study the simple single-threshold strategies in our model. The key idea is to use the
first arrival time ¢; as a signal about the (unknown) demand, and then commit to one threshold for the
rest of the time horizon. Working in the quantile space, this threshold is specified by a quantile level
q(t1) € [0, 1]: after ¢1, the algorithm accepts the first agent with (randomized) quantile rank of at least



q(t1). In fact, in this section, we essentially ignore the shape of the value distribution F},, since we only
use quantile queries to F), of the form “is v; > F.,}(¢)” for a specified quantile g.

Quantile thresholds. Let F' be the CDF of the value distribution F. For ¢ € [0, 1], define the ¢-

quantile threshold as p(q) 2L inf {z : F(z) > q}. When F has atoms, the event v = p(q) has positive
probability, and a deterministic tie-breaking rule generally does not correspond to a clean “quantile > ¢”
condition. To make the definition unambiguous, we allow randomized tie-breaking at the threshold:
accept if v > p(q); reject if v < p(q); and if v = p(q), accept with probability

L F(p(q)) = F(p(q)™),

otherwise,

where F(z7) L limy e F(y).

2.1 A 1/2-competitive quantile threshold

Our first result shows that the natural choice ¢(t1) = 1 — ¢; guarantees the competitive ratio of 1/2.

Theorem 2.1 (1/2-competitive ratio). The single-threshold algorithm with quantile threshold q(t1) =
1 — t1 achieves competitive ratio 1/2 in our model.

Proof. We prove the desired 1/2 guarantee in quantile space by showing that for every ¢ € [0, 1], the
probability that the algorithm selects a value with (randomized) quantile of at least ¢ is at least a 1/2
fraction of the corresponding probability for the offline optimum.

Fix n and ¢ € [0, 1], the offline optimum attains a quantile at least ¢ (i.e., Pr[OFF > F,(q)]) if

max; U; > ¢ for i.i.d. U; ~ Uni|0, 1], which happens with probability 1 — ¢”. Let us calculate the

same probability (i.e., Pr[ALG > F,(q)]) for the ALG. Let S def 4 _ t1 be the algorithm’s (random)

quantile threshold. Since ¢; is the minimum of n i.i.d. Uni[0, 1] random variables, we have its CDF
Pr[S < x] = 2" and its PDF fg(x) = na" ! for x € [0, 1]. Assuming that S = z and that algorithm
accepts an agent, the quantile probability of the accepted agent is distributed uniformly on [z, 1]. Hence,
the probability that the algorithm selects a quantile at least ¢ equals

of [1 1- !
f(q) def / nz" 1. (1 —2")- 0 ?du + / na™ b (1 — 2™ de,
0 q

— X

where two integrals correspond to two cases when S < ¢ and S > ¢; PDF of S is naz™~!; probability of
ALG accepting an agent is 1 — 2™ for S = x; probability of choosing quantile at least ¢ for U ~ Uni[z, 1]

is L;g in the first integral and 1 in the second one. Using that 111 ‘”: = Z;é z* in the first integral, we
get
n=1l ik 2n
q l—q
—(1— ) 1—q") —
flo)=0—gn-Y +(1-q") 5

kzon—i—/c

Now, it suffices to show that 2f(q) > 1 — ¢" for all n and ¢, which is equivalent to proving

3

-1 qn+k

_.n 2n>0.
n+k ¢ 2

Vg € [07 1}7 vn, 2”(1 - Q) ’
k=0

Since n 4 k < 2n, we have 12} ‘i:::;: > LStk = %7 which concludes the proof.
The bound 1/2 is tight for this algorithm. Consider the instance with demand n = 1 and F, : v = 1.

Our algorithm accepts the agent with probability %, while OFF(1) = 1. O



2.2 Animproved ln73-c0mpetitive quantile threshold

We next introduce another relatively simple single-threshold algorithm that yields a better competitive

ratio. The algorithm again uses the first arrival time ¢; to set a single quantile threshold of ¢(¢1) def

max{l — 2¢1,0}.

Theorem 2.2 (In 3/2-competitive ratio). The single-threshold algorithm with the threshold q(t1) =
max{1 — 2t1, 0} achieves competitive ratio of at least In 3/2 ~ 0.549 in our model.

Although the rule itself is simple, the analysis is substantially more involved. The proof follows the
same high-level approach as in Theorem 2.1, but requires a long case analysis on n. We defer the proof to
the appendix.

2.3 One-point and two-point estimators: numerical evaluation

In addition to analytically proven guarantees, we numerically evaluate two simple parametric policy
families of linear thresholds. First, similar to the previous two algorithms, we consider the family of
one-point estimators q(t1) = max{1 — at;, 0} given by a single parameter o > 0. Second, we introduce
two-point estimator q1(t1) = max{1l — at1, 0} and g2(t2) = max{1 — Sto, 0} given by two parameters
a, B > 0, where t5 denotes the second earliest arrival time. This algorithm uses the first threshold g; only
for the first value v; and the second threshold ¢, for all remaining agents starting from vs.

Evaluation methodology. As in the analysis of single-threshold algorithms (Sections 2.1 and 2.2), for
each fixed demand n and each quantile level ¢ € [0, 1], we compare

fn(q) = Pr [QaLc > g and Pr[Qopr > ¢/ =1-4¢",

where Qa| g denotes the (randomized) quantile of the value selected by the algorithm and QopT is the
quantile selected by the prophet OFF. For each demand n, we define the ratio curve R, (q) def {’i—(qq,z
which gives a lower bound on the competitive ratio at each quantile level g. Therefore, inf c(o 1) Rn(q) is
the competitive ratio for a given n. In our experiments, we numerically evaluate demands up to n = 100
and report the minimum over ¢ and n < 100 for each policy. Specifically, f,,(¢) in both families can be
written as an integral of a piecewise polynomial function (in ¢) induced by the joint density of random
variables ¢; and t2. We evaluate these integrals symbolically (reducing to explicit rational polynomials)
and then minimize R,,(q) over g € [0, 1] by checking endpoints and stationary points, in the same spirit
as the computer-assisted verification described in the appendix.

For the one-point estimator, we perform a grid search on « and evaluate min ¢ 1) R, (q) for each
n =1,...,100. The best parameter we found is a =~ 1.57, which yields a competitive ratio exceeding
0.59 in this range of demands. Figure 1 plots the ratio curves R,,(¢) as a function of the quantile level
q (x-axis), with R, (q) on the y-axis. Each curve corresponds to one fixed demand n € {1,...,20}.
For a fixed n, the competitive ratio of the policy is inf (g 1) Rn(q), i.e., the minimum height of the
corresponding curve.

For the two-point estimator, we perform a grid search on two parameters («, 3) and evaluate the ratio
curves as above forn = 1,...,100. The best parameters we found are a =~ 1.24 and 8 ~ 0.62, which
result in a competitive ratio exceeding 0.61. This lower bound gets close to the known upper bound of
1 — 1/e =~ 0.632 for the single-threshold prophet inequality [18] with known demand n. Figure 2 shows
the corresponding ratio curves R,,(q) (again plotted forn = 1, ..., 20).

3 FPTAS Algorithm Description

We now present another technical result. We describe how to compute (up to an arbitrarily small error) an
optimal online policy in the unknown-demand model against either the online or the offline benchmark.
Our FPTAS is summarized below in Algorithm 1.
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Figure 1: Ratio curves R, (q) = fn(q)/(1—¢") for
the best linear single-threshold policy (o = 1.57),
forn=1,...,20.
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Figure 2: Ratio curves R, (q) = fn(q)/(1 —¢")
for the best linear two-threshold policy (o ~ 1.24,
B~ 0.62),forn =1,...,20.

Algorithm 1. FPTAS for the online algorithm’s strategy
Input: parameter £ € (0, 1), value distribution F,; agents arriving online with time ¢ € [0, 1].
Output: randomized algorithm Alg.

1. Fort € [0,¢] let Alg skip all agents.

2. Let ne < number of arrived agents in [0, ].
3. Set N =4, Upper threshold on n
4. ifn. > eN — (eN)?/3 then

5. Alg + ON ((nE — 2n§/3) . 1%) Opt. online

6. else
7. Fort € [g,1], discretize time in T = £~ steps.
8. In R = £~ 2 - log(2) rounds, let the algorithm .A(r) and the adversary Adv(r) converge to
equilibrium:
9. forr =1to Rdo
10. Adv(r) < No-Regret ((A(z))lZf)
11. A(r) - Best-Response,cr|(Adv(r)).
12. end for
13. Alg < Uni{A[r],r € [R]}.
14. end if

The FPTAS takes as input the target loss € and the value distribution £, and produces a randomized
strategy Alg for the online algorithm with 1 — O(g) approximation to the optimal competitive ratio. The
algorithm proceeds as follows.

First, in lines 1-5 we ensure that Alg is doing very well against any large n > N. Specifically, the
FPTAS uses the initial time interval [0, £] to get a conservative estimate on the number of remaining agents
n — n. and then uses the optimal online threshold policy ON for this estimate (n. — 2n§/ 3) . % The
estimate is rather accurate when n is large: the expected number of remaining agents is K = n.-(1—¢)/e
and by a Chernoff bound it is unlikely to be smaller than K — 2K?/3; similarly, E[ne] =e-nanditis
very likely that n. > eN — (¢N)?/3 whenn > N.

When 7 is small (n < N), we employ a no-regret learning procedure to find the Nash equilibrium of
the zero-sum 2-player game between the adversary and the algorithm players (lines 7-13). To this end, we
discretize (line 7) the remaining time [, 1] into 7" equal-length time intervals and assume that all agents
arrive in separate intervals. This event £ occurs with a high probability when n < N for a sufficiently fine
discretization T = w(N?). The discretization allows us to succinctly represent deterministic algorithms
A(r) in each round r € [R]. Indeed, conditioned on the good event &, the optimal strategy (a value
threshold) of Alg upon agent ¢’s arrival at time ¢ € [, 1] should only depend on the time interval’s index

For N actions n € [N]

2If two agents ever arrive in the same discrete time interval, we simply assume that Alg gets 0 value.



and the number of agents that have arrived before 7, but not on their specific arrival times. That is, any
deterministic algorithm can be described by at most IV x T thresholds. Furthermore, the adversary
has only n € [N] polynomial in 1/ number of pure strategies and thus employs a mixed strategy
F,, € A([N]). Hence, the adversary (line 10) may use any of the no-regret learning algorithms (such
as, e.g., HEDGE or Multiplicative-weights) to choose a mixed strategy Adv(r) € A([N]) against the
history of the algorithm’s player actions (A(r)),c(r]- At the same time, the algorithm plays the best
response to the respective strategy Adv(r) € A([N]) of the adversary in each round r of the no-regret
learning process (lines 10-11). The final algorithm Alg picks one of the deterministic algorithms A(7)
uniformly at random from the history (A(r)),¢|pg) of the algorithm’s moves. According to the property of
no-regret learning, the average value of the best-responses of the algorithm player against (Adv(7)),c(r]
after R = ¢ 2. 10g(%) rounds would not be much larger than the value of Alg against any pure strategy
n € [N] of the adversary.

Best Response A(r):  We describe now how the Best-Response (line 11) of the algorithm player works
for a known (Bayesian) prior distribution n ~ F},, where F,, € A([N]), against the online benchmark?
ON(n). The algorithm needs to maximize

Ev4[ALG(V,t)]] <= Prin = k]
Vt’} = —— —FE,[ALG(v,t)].

B~ [ ON(n) ON()

k=1

Note that the optimal (Bayesian) algorithm is deterministic. We next explain how to calculate the optimum
algorithm via a simple dynamic program.

By updating Pr[n = k| « c- %(;)k] the prior distribution F}, for an appropriate constant c, we
simplify the algorithm’s objective to E,,f, [Ev t{ALG(V, t)]]. We compute N x T thresholds using a
backward induction on time ¢ € [T']. Suppose that we have seen exactly k € [N] agents by time ¢, when
the k-th agent has arrived at the ¢-th time interval (recall that we condition on the good event £ that at
most one agent arrives in each time interval). The value threshold for the k-th agent in this case should be
equal to the expected utility U[k, ¢] that the algorithm player can get in the future after time ¢. The latter
can be calculated in the Bayesian setting, where the algorithm player can update the posterior distribution
of n upon observing k agents at time ¢ for the given prior distribution n ~ Fj,. In fact, we can write a
simple DP formula for U[k, ] as follows.

Observe that, by the backward induction, we would apply the threshold U[k + 1,¢ + 1], if a new agent
arrives in the next ¢ + 1 time interval (assuming that exactly k agents have arrived so far at time ¢).

Let “k at t” denote the event that exactly &k agents arrived in the first ¢ intervals (conditioned on £). Let

Ar[k,t] def Prik+1latt+1 ’ k att,n ~ F,] be the probability that a new agent will arrive in the next

(t + 1)-th interval given that exactly & agents have arrived so far (which can be easily computed for any
given prior* F},). Then we get the following DP formula for U[k, t]

Ulk,t] = Arlk, 8] (Buwr, [0-T[o > Uk + 1,6+ 1])|
Ul + 1,8+ 1) Prop, [0 < Uk + 1,6+ 1]] ) + (1 — Axlk,#]) - Uk, + 1.

Indeed, there are two cases of what happens in the interval £ + 1: a single agent ¢ arrives (with probability
Ar[k, t]), or no agents show up (with probability 1 — Ar[k, t]). In the first case, we accept ¢ whenever
her value is greater than the threshold U[k + 1,¢ + 1], and otherwise we obtain the expected utility of
U[k + 1,t + 1] when skipping agent . In the second case, the expected utility will be U[k, t + 1].

31t is the same for OFF benchmark with simple modifications.
*We would need to slightly modify F,, conditioned on the event £. Le., we update p; = Pr,,~r, [n = i | £] (larger n leads
to a lower probability that £ occurs).



4 FPTAS Algorithm Analysis

In this section, we shall prove that our Algorithm 1 is indeed an FPTAS.

Theorem 4.1. The Algorithm 1 has running time poly(1/¢) and outputs a 1 — O(g) approximation to
the optimum.

Proof. We first address the main technical challenge of showing that Alg has an approximation error of
at most O(¢). Then we will briefly discuss implementation aspects and the running time of Algorithm 1.
Our analysis of the approximation part proceeds in three steps.

First Step. We reduce the action space of the adversary (who chooses the demand n) to the finite
space n € [N] of actions, where N = poly(1/e). This is the most straightforward step in our analysis.
Formally, we prove that

Ey ¢[Alg(v,t . Eyi[Alg(v,t . Evi|Alg(v,t
sup min M > sup inf M > sup min M

— O(e).
Alg n€[N] ON(n) Alg n€N ON(n) Alg n€[N] ON(n) (2)

That is, restricting the adversary does not change much the approximation guaranty. The first inequality
above is trivial, since it holds for any given algorithm. The focus of this step is to prove the second

inequality. Let A be the (nearly) optimal algorithm restricted to n € [N]. Consider the following

extension to an algorithm ALG that works for any n € N: if n. > 0 4L N - (eN )2/ 3, then let Alg try

to run the optimal online algorithm for our conservative estimate 7(n.) def (ne — on?/ 3) - 1= of the
remaining demand n — n.; otherwise run A on the remaining time [¢, 1] as if the time interval was [0, 1].
That is, we have

ON(n(ne))I[n —ne > n(ne)]  ifne > 6,

ALG(t,v) > { _
A(t(n —ng),v(n —ng)) ifn. < 6.

Note that lines 1-5 in Algorithm 1 implement exactly such an extension. We show next that this ALG
loses at most O(e) in vy Or 7, compared to A on limited demands n € [N].

In the proof, we rely on the following standard Chernoff bound to characterize the concentration of the
number of agents n., which we observe in the initial time interval [0, €].

Proposition 4.2 (Chernoff bound). Ler X1, ..., X, be independent Bernoulli random variables, and
X =X1+...+ X, withu = E[X]. Then for any T € [0, u)

Pri|X —pul>71]<2- e T3,

Denote the expected value of ALG and A for a specific demand n by ALG(n) and A(n). Then we
have

ALG(n) > Eg [I[ [ne(t) < 9} - A(n —ng(t)) +1 [na(t) > 9} |l [n —ne > n(na)] . ON(n(nE))] .

(D

We analyze the ratio ALG(n)/ON(n) (or similar ratio for the benchmark OFF) according to two cases

for the demand n: (A) n < N — 2N2/3 is small; B)n>N-— IN2/3 is large. In Case (A), we have the

following claim, whose proof uses the Chernoff bound to argue that n. < 6 with probability 1 — O(¢)
and reduces ALG(n) to A(n — ng).

Claim 4.3. For any small demandn < N — 2 - N2/3,

ALG(n) _Ak)
o) = 1~ O6E) min Sy
ALG(n) A(k)

OFFm) = 1~ 06) min arry




In Case (B), an analogous bound holds; in fact, when n > N the Chernoff concentration on the

high-probability event &; gt {|ne — en| < (en)?/3} yields the strictly stronger estimate
ALG(n) > (1 —0(e)) - ON(n) > (1 — O(e)) - A(n). (2)

The remaining regime N — 2N?2/3 < n < N is captured by the following claim.
Claim 4.4. For any demand N —2 - N*/* <n < N

ALG(n) AW
o) = (1~ 06) min GaGy
ALG(n) Ak)

> (1-0(e)) mi

OFF(n)

Claims 4.3, 4.4 together with the bound (2) cover all possible demands n and conclude the proof of the
first step. The proofs of both claims and of (2) are deferred to the appendix.

Second Step. We further restrict the action space of the algorithm by discretizing the time into 7" equal
time intervals and by assuming that all agents arrive in separate intervals (we denote this event as &).
As in the birthday paradox, £ occurs with high probability if 7 = w(N?). That is, assuming £ only
causes a small loss to the expected value of the algorithm. Formally, we change our objective v, to
Ey ¢[A(v,t)-I[€]]/ON(n) (and similarly change -y, ) and show that it has only a negligibly small effect.

Claim4.5. Let T = ¢ 2, N = ¢~ Then

Ey ¢[A(v,t) - 1I(E)] Ey ¢[A(v,t)]

)

Ev t[A(V7 t) ) H(g)] )

sup min + O(g) > sup min ————> > sup min
© nelN] ON(n) (£) 2 sup min ——Ayoy— = sup min ON(n)
The proof, a standard birthday-paradox calculation, is deferred to the appendix.
Remark 4.6. The same inequalities as in Claim 4.5 hold for the OFF benchmark, as gFNF(("n)) <1

We observe that in the event &, the optimal (undiscretized) algorithm is indifferent to the precise
arrival time of an agent in any given discrete interval. Indeed, if an agent arrives in the ¢-th interval, the
distribution of all future arrival times under & is exactly the same for any exact time ¢ in this ¢-th interval.
Thus, we can restrict our attention only to discrete algorithms A with the objective A(v, t)-I[E(t)]. Recall
that the best algorithm A can be randomized. We think of such A as a distribution over a deterministic
algorithm A(v, t). For a discrete deterministic algorithm .4, we observe that at time ¢ the algorithm does
not need to use the full history of arrivals t<; before ¢, but only needs the total number of agents that
have arrived so far. Indeed, the distribution of future arrival times after time ¢ is exactly the same for all
arrival histories given the total number of arrivals by time ¢. Therefore, we can succinctly describe any
deterministic algorithm A with N x T thresholds, as for each discrete time interval ¢ € [T'] we need to
specify a threshold (A accepts agent 7 in the interval ¢ given that exactly k& € [IV] agents arrived so far, if
and only if v; > 7(t, k)). Let us denote the space of all such deterministic algorithms by ©.

Third Step. We define the following zero-sum game between the adversary and the algorithm players:
for the pure strategies of the algorithm .4 and the adversary’s choice of demand n € [N], the value of

%‘W (a similar game can be defined for the OFF benchmark). Note that this game

the game is
admits a succinct representation (polynomial in 1 /). We also consider mixed strategies of the algorithm
player (denoted as ALG € A(D)) and the adversary F;,, € A([N]). Our Algorithm 1 finds a mixed Nash
equilibrium of this game in lines 8—13 using one of the standard no-regret learning processes for the

adversary and the best responses of the algorithm.



Formally, denote A as the average strategy of the algorithm player in R rounds. To simplify notations
let A, denote the strategy of algorithm player in the r-th round (line 11 of the algorithm), and A, (n)
denote the expected value of .4, when demand is n. Then

max min 7Ev’t[A(v’t)] + O ( log(N))

AcA(@)ne[N]  ON(n) R
= o e o (V)
R
e
ZArenf(}s(a) FnénAi(r[lN})EnNFn [W}

where the equality is due to the no-regret learning property of the Hedge algorithm; the last inequality
holds, as the algorithm plays the best response to Adwv(r) in each round:

s 2] 2 e [0

By taking R = 8% -log(), we have the error term O < log}(zm) = O(g). Thus the output of Algorithm

1, A, is an approximate equilibrium with error O(¢) after R rounds.

Running Time. The majority of the algorithm’s runtime is devoted to the no-regret learning process.
In each round, once the adversary’s mixed strategy is determined, the algorithm player computes her
N x T optimal thresholds using dynamic programming, as shown in line 11. This step takes O(NT)
time. Following that, the adversary updates the expected utility for each of the IV actions based on these
thresholds for the next round, which requires O(N?T') time. Consequently, the total running time is
O(N?TR) = O(e~1? - 1og(2)). It is important to note that we prioritized clarity of presentation over
runtime optimization. Although running time could be significantly reduced, achieving this would require
a slightly more complex algorithm and more involved analysis. O

S Separation from LI.D. Prophet Inequality

The purpose of this section is not just to provide a theoretical result, but also to demonstrate the practical
relevance of our FPTAS. We first describe how we set up a simulated annealing algorithm to find a
counterexample (the value distribution F},) and then present the result of our search. Note that to construct
a counterexample, one needs to find a value distribution F), and a distribution F;, for the number of agents.
However, we only search over the value distribution F}, and find the optimal F;, based on our Algorithm 1.
For given F,, and F;,, one can easily find the optimal Bayesian online algorithm and its competitive ratio
to the offline benchmark OFF(n). As it turned out, the competitive ratio is strictly below o ~ 0.745.

In our search, we sought a discrete random value distribution with support size 5 and a total number of
agents n ranging from 1 to 10. For every given value and number distribution, we discretize the time
interval [0, 1] into 10° points. We first assume that there is no collision (this happens with a probability
greater than 99.95%) and use DP to solve the optimal algorithm under this assumption, as well as its
competitive ratio. Then we add a small correction term to account for the rare collisions, giving our final
result.



We then run the simulated annealing algorithm with initial temperature 5 x 10~%, final temperature
1075, and cooling rate 0.95. We obtained the following F;, and F,, distributions after 122 iterations of the
simulated annealing search. The following tables list the supports of the discrete random variables and
the weight assigned to each possible value.

Value 8 13 19 | 25 | 6867
Weight | 9138 | 5158 | 3229 | 2175 | 12
Number | 1 2 3 4 5 6 718910
Weight | 4041 | 2198 | 1820 | 1504 | 1291 | 1019 | 769 | 576 | 397 | 437

With this instance of the value F), and demand F;, distributions, we obtained the following result.

Theorem 5.1. There is an instance of F,, of the LI.D. prophet inequality with unknown demand, such
that the competitive ratio .. < 0.739 to the prophet.

This establishes a separation from the .I.D. prophet inequality. A figure in the appendix illustrates the
convergence of the Hedge algorithm for this example: with the value distribution fixed and the initial
number distribution set to uniform on integers 1-10, the competitive ratio drops below « after only 342
iterations and converges to its final value by the 103-th iteration.

6 Open Questions and Future Work

We proposed a natural online learning model to describe the demand uncertainty for selling a single
item in online commerce applications. We have obtained non-trivial upper and lower bounds on the
competitive ratio of the demand-unaware online algorithm to two benchmarks that know the demand. We
also found an efficient way to compute the min-max optimal strategy for any given value distribution F,.
Several directions remain open. First, for our specific setting, a conceptual question is to identify the
worst-case value distribution(s). Formally, this amounts to understanding the minimax quantities

Ey 4 [ALG(v, t)] Ey ¢ [ALG(v, t)]
— E,- A1 it M RSN — E,~ vt EEN T
L i KRV e

Algorithmically, it would be interesting to design provably near-optimal policies within structured families
(e.g., multi-threshold rules) and to better understand the gap between the best such families and the
optimal policy computed by our FPTAS. In particular, motivated by the empirical performance observed
in Section 2.3, an appealing open problem is to give a theoretical analysis of these simple parametric
families: prove (or refute) that the best linear single-threshold and linear two-threshold rules are optimal
within their respective families, and rigorously characterize their worst-case competitive ratios. Finally, it
is natural to consider learning-augmented variants in which the seller has access to imperfect predictions
of n and seeks policies that are simultaneously consistent and robust.

Second, it would be interesting to extend our model to a multi-unit setting and non-L.I.D. buyers. It
also makes sense to consider optimization under samples for the value distribution in our framework.
Another interesting direction is to study supply uncertainty similar to the model in [3] under the online
learning framework.
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A Proof of Theorem 1.1

In this appendix we provide a complete proof of Theorem 1.1. We construct a concrete distribution
over instances that depends only on ¢ (and not on the algorithm), and show that every deterministic
online algorithm performs poorly in expectation relative to the offline benchmark under this distribution.
By Yao’s minimax principle, this immediately implies the desired hardness guarantee for arbitrary
randomized online algorithms as well.

Proof. Fix an arbitrary online algorithm ALG (possibly randomized) and a constant ¢ > 0. Pick a
sufficiently small £ € (0, %) and a sufficiently large m € N (both to be chosen later as functions of c).
Let g, S =2k and o), 2L o~ for k € {0,1,...,m}.

For each agent, we draw a value v = v, with probability ngl = e forevery k € {1,...,m}, and
v = vg = 1 otherwise. Let F denote this i.i.d. value distribution. For the demand distribution, we
first draw a level K such that Pr[K = k] = ¥ for k € {1,...,m}, and Pr[K = 0] is the remaining
probability mass. Conditioned on K = k, we draw the demand as n ~ Poisson(ny). For the arrival time

distribution, partition [0, 1] into m + 1 equal-length disjoint intervals Iy, . . ., I,,. Conditioned on K = k,
each agent independently chooses a segment j € {0, ..., k} with probability p;;, where
def 70 def Tj —TNj-1 .
Dojk = —, Djlk = L 97 forje{l,... K},
ng ng

and then arrives uniformly at random within /;. The online algorithm observes arrival times and values
as agents arrive, but does not know K. For j € {0,...,m}, let N; denote the number of agents whose
chosen segment is j.

Lemma A.1 (Poisson splitting and indistinguishability). Fix k € {0,...,m} and condition on K = k.
Then (Ny, ..., Ny) are mutually independent and

Nj ~ Poisson(nypj|;) = Poisson(n; —n;_1)  forall j <k.

Moreover, for any fixed segment index j < m, the joint distribution of all observations revealed up to the
end of segment I; is identical for every level k > j.

Proof. Condition on K = k. Since n ~ Poisson(ny) and each of the n agents is independently marked
with J € {0,...,k} according to (p;) <k, the standard Poisson splitting property implies that the

marked counts N; def [{i : J; = j}| are independent Poisson random variables with means nxp;;. By
our choice of probabilities, for j > 1 we have ngp;|;, = nj — nj_1, and for j = 0 we have ngpo, = no,
proving the first claim.

For the indistinguishability statement, fix ; < m and consider any k£ > j. Since the segments
Iy, ..., I, are disjoint time intervals, from each observed arrival time the algorithm can infer the unique
segment index in which it falls. Hence, the algorithm’s observations up to the end of segment /; can be
equivalently described by: (i) the vector of segment counts (Ny, ..., N;), and (ii) conditional on these
counts, the corresponding arrival times within each segment (and their associated values).

Under level &, by the first part (applied with % in place of k) we have that (Ny, ..., IV;) are independent
and

N, ~ Poisson(n, —n,_1) for every r < j.

Crucially, this joint distribution of (Np, ..., N;) does not depend on k. In particular, observing the entire
early count vector (or just the cumulative number of arrivals up to the end of /;, namely Zi:o N, ~
Poisson(n;)) cannot reveal any information.

Conditional on the counts (Ny, ..., N;), the construction draws arrival times i.i.d. uniformly within
each segment and independently across segments, and draws the values i.i.d. from J, independent of
arrival times. Therefore, the complete joint distribution of everything observed up to the end of segment
I; is identical for every level k£ > j. O



Lemma A.2 (Poisson thinning). If N ~ Poisson(\) and, conditional on N, we keep each of the N items
independently with probability p, then the number of kept items X satisfies X ~ Poisson(Ap).

Proof. For s € [0, 1], we have
Els*] = E[E[s* | N]] = E[(1-p+ps)"] = exp(A\(1 =p+ps —1)) = exp(Ap(s — 1)),

which is the probability generating function of Poisson(Ap). O

Step 1 (Lower bound the offline benchmark). For any realization (t, v) with n agents, the offline
benchmark equals OFF = max;¢ [, v; and hence depends only on v. Fix k € {1,...,m} and condition
on K = k. Let W}, be the number of agents with value exactly vg. Since Pr{v = vg] = ngl and n ~
Poisson(ny), Lemma A.2 gives W}, ~ Poisson(nj - n; ') = Poisson(1), hence Pr[W; > 1] = 1 —1/e.
Therefore,

E[OFF | K =k] > (1—-1/e)v, = (1 —1/e)e*.

Averaging over Pr[K = k] = £* and summing over k = 1,...,m gives

E[OFF] > (1 — 1/e)i5k e = (1-1/e)m. 3)
k=1

Step 2 (Upper bound ALG via gifts + upgrades). We upper bound ALG by analyzing a more favorable
comparison process. In this comparison process, we (i) gift the algorithm additional value for free after
the game ends, and (ii) allow a free upgrade within each time segment. Since both modifications can only
increase the algorithm’s payoff on every realization, any upper bound proved for the comparison process
also upper bounds the original ALG.

In segment j € {0,1,...,m — 1}, any arriving value at least v;1; is considered a surprise for that
segment, and we give all such surprise values to the algorithm for free after the game ends. After
removing all surprises from segment j, every remaining value in that segment is at most v;. We further
allow a free upgrade: whenever the game reaches segment j, we pretend that the algorithm is offered a
deterministic value exactly v; (even if the segment contains no such value). This yields a compressed
game in which reaching segment j offers v;, and the process proceeds to segment j + 1 iff K > j + 1.

In our analysis, we will credit the algorithm with all gifts GG in addition to whatever payoff it obtains
from its acceptance decision in the upgraded segment game. Since this only increases the payoff on every
realization, it yields the upper bound

E[ALG] < E[G] + sup E[(payoff of policy 7 in the upgraded segment game)|, 4

where the supremum is over all (possibly randomized) online policies in the upgraded segment game
(and the expectation is over K, n, and the policy’s internal randomness).

Bounding the total gift E[G]. Denote G; as the contribution from segment j to the gift. For segment 0,
since Ny ~ Poisson(ng) = Poisson(1) and hence E[Ny] = 1, we have

m m m

E[GO]:E[U'H[UEMM IZPr[v:vt]-vt2252t-5_tzzst< < < 2¢,

t=1 t=1 t=1

using ¢ € (0, i) in the last inequality.
Now fix j € {1,...,m — 1}. Since N; = 0 whenever K < j, we have

E[Gy) = Pr[K > j]-E[G; | K > j] = Pr[K > j]-EIN; | K 2 j]-E[v-T|v>vji]],



where the last equality uses independence between N; and values conditional on K > j. We bound each
factor as follows:

m

. i gl . —92j
PriK>jl=) e'<— EIN;|K>jl=nj—nj1<nj=c?

=7

where the identity for E[N; | K > j] follows from Lemma A.1. Finally,

_ _ _ 2 _—t _ ¢
E[U'H[Uzvj—i—l”—ZPY[U—Ut]‘Ut—25 € _ZSSI—E'
t=j+1 t=j+1 t=j+1
Combining these inequalities yields
el N c
ElG.] < Lo, = < 2e.
[]]_1—5 c l—e (1—-¢)2~ ©
Summing over j = 0,...,m — 1 gives
m—1
E[G] = E[G;] < (2m+2)e. (5)
§=0

Bounding the upgraded main payoff via backward induction. We will use Lemma A.1 to argue that,
upon reaching segment j, the algorithm cannot infer anything about whether K > j + 1 beyond the fact
that K > j. Hence, we obtain

) ) Zﬁjﬂ '
Zi:j €
Now consider the upgraded segment game. For j € {0,...,m}, let U; denote the optimal (over all

policies) of the expected payoff obtainable starting from segment j, conditioned on reaching segment j.
We claim that U; < v; forall j € {0, ..., m}, and prove this by backward induction. The base case is
U < vy Now fix j < m — 1 and assume inductively that U; {1 < v;41. Upon reaching segment j the
algorithm is offered v; and either accepts (obtaining v;) or rejects. If it rejects, then regardless of the
realized history, the conditional probability that the process reaches segment j + 1 is at most € by (6),
and in that event the expected continuation payoff is at most U; 1. Thus,

U; < max{vj, €~Uj+1} < max{vj, €-Uj+1} = vj,

where the last equality uses v; 11 = 5_1vj. This completes the induction, and in particular Uy < vg = 1.
Therefore,
sup E [(payoff of policy 7 in the upgraded segment game)} < 1. (7)

Putting things together. Combining (4), (5), (7), and (3) gives

E[ALG] < 1+(@2m+2)e 2 2t +1
E[OFF] = (I—1/e)m 1—1/e " (1—1/eym’

Given any target ¢ > 0, choose £ > 0 sufficiently small so that 1_216 7 < 5, and then choose m sufficiently

large so that (1381% < §. With these choices we obtain E[ALG(t, V)] < ¢ - E[OFF(t, v)] under our
construction. O

B Proof for Theorem 2.2

In this appendix, we provide the full proof of Theorem 2.2.



B.1 Preparation

Let ¢; be the first arrival time among n i.i.d. Uni[0, 1] arrivals. Its density is
fulw)=n(l—u)"",  wel01].
Define the induced (random) quantile threshold

x & q(t1) = max{1 — 2t;,0} € [0, 1].

Then Pr[X = 0] = Pr[t; > 1/2] = 27", and on (0, 1] the density of X is obtained by the change of
variables u = (1 — x)/2:

@ =21 e

The probability that OPT gets a quantile of at least ¢ is 1 — ¢". For any fixed ¢ € [0, 1], let f(g) denote
the probability that the algorithm selects an agent whose quantile is at least q. Conditioned on X = x > 0,
by symmetry of the random arrival order, the accepted quantile is distributed as an independent Uni[z, 1]
draw. Hence

1—

(1-a")

Pr{Qac>q| X =z]= -z
1—2", T >q.

, x < q,

For the atom X = 0, the algorithm accepts the first arrival unconditionally, and thus Pr[QaLc > ¢ |
X =0] =1 — q. Combining gives

q _ 1
flg)=2""(1-q) + /0 fX(:L‘)(l—m”)i_Zdw + / fx(x) (1 —2")d. (8)

Since F~! is an arbitrary nondecreasing function of the quantile, it suffices to prove the tail inequality

In3

fla) 2 —=-(1—-¢")  Vge[01].

B.2 Largen > 18 case

Here, we prove the following lemma for large n > 18:

Lemma B.1 (Large n). For everyn > 18,

f fla) o Im3

qge0,] 1 —qg™® — 2
For convenience denote
T 1—z" q
0@ L @) 1 -a), b L I ) LT g Sy [Th@)de
—x 1—=2 0
Then (8) can be written as
1
fa) = (1= 9A@) + [ gla)da. ©)
q
Differentiating gives
f'(a) = —Ala).

In particular, both f(g) and 1 — ¢™ are strictly decreasing on [0, 1).



Cauchy mean-value form. For any ¢ € [0, 1), there exists £ € (g, 1) such that

flag _ f€) _ Al der
1 —qn - _nfn—l - nfn—l - H(f)

Apply Cauchy’s mean value theorem to F' = f and G(q) = 1 — ¢" on the interval [g, 1]. Using
F(1)=G(1) =0and G'(§) # 0 for £ € (g, 1) gives the claimed representation.
Next, we will show that H is nonincreasing on (0, 1). This implies the worst case over ¢ occurs at the

endpoint ¢ — 1, i.e.,
e @y flo AL
¢€0.1] 1 —¢"  g¢=11—g" n
Finally, we lower bound A(1)/n by In3/2 for n > 18 using an explicit expression for A(1). The

remainder of this subsection fills in the details.

B.2.1 Monotonicity of H via unimodality of an auxiliary function D(-)

From the definition H (t) = A(t)/(nt" 1) we obtain

_th(t) — (n— 1)A(t)

H'(t
() o

Define

D) 2L (n — 1)A(t) — th(t).

Then H'(t) < 0is equivalent to D(t) > 0 for all ¢ € (0, 1). Differentiating D yields

D'(t) = (n = 2)h(t) — tK'(t) = h(t) [(n — 2) — ¢(t)],

where LR (-1t "
det _ (- _ ot
o(t) = h(t) — 14+t L e T (19)

Then we show that ¢(-) is monotone increasing, which implies the unimodality of D(-). Actually,

differentiate (10):
, n—1 1 n2tn—1
t) = — .
O =armt Ay  aoeye

Using AM-GM on 1,¢,...,t" ! yields

1—t" n2¢n—1 - 1
1—t¢ (1—t")2 = (1—1)2

Substituting gives ¢'(t) > ﬁ > 0.

B.2.2 Endpoint analysis of D
We have D(0) = (n —1)27" > 0. For D(1), we have h(1) = "72 and thus
D(1)=(n—-1)A(1) — —.

2

Now we show that for all n > 18,

n2
(n—1)A) >



We begin with an explicit expression for A(1). Recall

h) = () T = DAL Z%’“

Expanding (HTI)H_I =2-(n-1) Z?:_& ("j 1):1;J and integrating term-by-term yields

/Olh()d 2("12_:(”_1)2]“1“

Let J ~ Binomial(n — 1, 3), i, Pr[J = j] = 27(""D("71). Then

! n — 1 n 1
h(z)de = - E - —E ——
/0 () de =3 JZJ+k+1 2 JZJ+I<:
k=0 k=1
By definition A(1) = 27" + fo x) dzx, hence
AN =2""+"E -1 (11)
B 2 e Ttk
k=1
Define the function N
def 1
G(zr) = — 0
() =) e 2
k=1
For integer x = J, we have G(J) = H j4, — H ;. Moreover, G is convex on [0, o) since
n
=2y L
— (x + k
Therefore, by Jensen’s inequality and E[J] = (n — 1)/2,
n
1 LS| ot 4 3n+ 1
Es[G(T)] ZG(E[J])_ZM+kZ/O @dlen il =In ntl’ (12)
k=1 2 2 2
Combining (11) and (12) yields
n, dn+1
A1) > 27"+ —1 .
W =27+
It suffices to show
3n+1 n
In >

n+1 — n—-1

The LHS is strictly increasing in n since

d13n+1_ 2

Pl Bar Dy Y

while the RHS is strictly decreasing for n > 1. Therefore, it is enough to verify the inequality at n = 18:
95 18
In — = 1.063 — = 1.059.
19 77

This proves (n — 1)A(1) > %2 and hence D(1) > 0 for all n > 18.



; A1) n3
B.2.3 Verify that —~ > 7

)

It remains to justify that for every n > 18 we indeed have AT > nT Recall from (11) that

n

A1) 27 1 def 1 : .
= T+§EJ G(J)], G(x) :;M, J ~ Binomial(n — 1, ).

Thus, it suffices to show E ;[G(J)] > In 3. Let p det E[J] = (n—1)/2 and note that Var[J] = (n—1)/4.

Since
G"(xr) =2
Z (x + k

we have G”(z) > G"(n —1) =237 1 1 =2 2f % dz = 25 forall 2 € [0,n — 1]. By Taylor’s
theorem (using the uniform lower bound on the second derivative), forall z € [0,n — 1],

3
G(2) = G(p) + G'(w)(z = p) + g5 (@ = p)*.
Taking expectation over x = J cancels the linear term and gives

Es [G())] > G(w) + o5 Var [J] = G(u) + 2" 1)

> = (13)

Next we lower bound
n n—1

1 1
G(“):,;#MZZ”HM'

k=0 2

Using that 1/x is convex, the trapezoidal rule yields

N, _
0 n—2i-1 e -9 n—2|—1 n2 n+1

and therefore

n—1 n+1
1 ntl 4p

1,1 1 3n+1 1 1
Gl - - LS (Lo L) as
0= 2wy = el ) = ) 09

Combining (13) and (14) gives

3n—i—1+ 2n +3(71—1)
n+1l (n+1)3n+1) 32n?

E;[G(J)] > In

Finally, since In3 = In 3;?_’11 + ln( + Wzﬂ) and In(1 + z) < x for x > 0, it suffices that

2n +3(n—1) S 2
(n+1)3n+1) 32n2 T 3n+1’

which is equivalent to
3(n—1)Bn+1)(n+1) > 64n°.

The left-hand side equals 9n> + 3n? — 9n — 3, so the inequality holds for all n > 18 (indeed, 9n® —
61n? — 9n — 3 is increasing for n > 5 and positive at n = 18). Thus E;[G(J)] > In3 for all n > 18,
implying A(1)/n > In3/2 and completing the large-n case.
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Figure 3: Ratio curves f(q)/(1 —¢"™) forn=1,...,20.

B.3 Small n case

For n < 18, we verify inf ¢ 1 lf_(g)n > In3/2 by a computer-assisted check based on symbolic

integration, followed by exact polynomial manipulation and high-precision evaluation on a finite candidate
set.

Lemma B.2 (Small n). Foreachn € {1,2,...,17}, we have

fl o In3

inf > —
q€0,1] 1 —q" 2

Computer-assisted proof. We provide a compact record of the verification methodology; the code is short

and uses only standard symbolic and numerical routines (SymPy + high-precision evaluation).

Step 1: obtain an exact polynomial representation. For a fixed n, we symbolically compute the
integral expression (8) for f(g). We then divide by (1 — ¢) and form

et f(q)
Py(q) 2L 9
For the specific integral structure here, P, (q) simplifies to a polynomial in ¢ for eachn € {1,2,...,17};
for example, forn = 1,...,5 we obtain:
n=1, P,(q) =1iq+3,
=2, Pulg) = 5:0° + 5;¢° + 530 + 35,
_ 1.5, 11 4, 31 3 61 2 91 111
o Palg) = 550° + 1669” + 1609° + 1609 + 1609 + Teoo
_ _ 1 7,19 6, 97 5, 209 4 1117 3
n=4, Pu(q) = 539"+ 53¢ + 11250 + 11209 T 33604

559 2 | 699 769
+ 11209 t 11209 + 1120°

_ _ 1 9, 29 8, 349 7 , 799 6 , 1471 5
n=>5 Puq) =550 + 5019 T 50624 T 50629 + 30619

151 4 , 35713 , 4621 2 , 5251 5503
5044 1 80629 t 50644 T 80649 T S061-



Step 2: reduce to a nonnegativity check on [0, 1]. Fix a target constant ov. To prove inf ¢ 1) 17(?1,)" >
a, it suffices to prove

def
ho(q) == f(@) —a(1=¢") >0  Vqe[0,1].
On [0, 1) we can equivalently divide by (1 —¢) > O anduse 1 — ¢" = (1 — q) Z;é q" to obtain the
polynomial inequality

fnla) S P —a S d 20 Vge o),

The endpoint ¢ = 1 is handled separately by taking the limit ¢ 7 1 (both sides admit finite limits). In the

implementation, we take o = ;—(1] = 0.55, which is strictly larger than In 3/2 ~ 0.5493; therefore, this

verified bound implies the desired In 3/2 guarantee.

Step 3: global minimization via critical points. Since h is a polynomial, we compute its derivative
h’ exactly, find all real roots of h’ in [0, 1] (using high-precision root finding), and evaluate h at the
endpoints and all such critical points with high precision. The minimum over this finite candidate set
equals the global minimum on [0, 1].

Step 4: numerical cross-check. As an independent sanity check, we also evaluate the defining integrals
of f(q) numerically using high-order Gauss—Legendre quadrature on a dense mesh of ¢ values, including
points very close to 1; this matches the symbolic computations and consistently yields a positive margin
above 0 for h,(q).

Applying the above verification procedure for each n = 1,2,...,17 yields ming ¢ 1) ﬁn (¢) > 0and
limgq ﬁn(q) > 0 with a nontrivial numerical margin (well above floating-point noise), which establishes
the claim. O

Conclusion of the proof of Theorem 2.2. Combining Lemmas B.1 and B.2 yields that

) > In3
qef0,1] 1 — g™ 2

for all n, which implies the claimed competitive ratio in value space.

C Deferred Proofs from Section 4

We collect here the proofs deferred from the analysis of Algorithm 1: Claim 4.3 (Case (A)), the Case
(B) derivations (inequality (2) for subcase B.1 and Claim 4.4 for subcase B.2), and Claim 4.5 (birthday-
paradox reduction). We first present the following simple properties of the optimal online and offline
algorithms.

Lemma C.1. For any positive integers n > m

ON(m)Z%-ON(n), OFF(m) > = . OFF(n).

Proof. We begin with the property of the offline benchmark. OFF (n) represents the expected maximum
value among n agents, however, it is in the first m agents with probability 7. Formally, denote
i* = argmax;c,| v;, we have

OFF(m) = Eyr |max vz}

Li€[m]

>Eyor |1 [z* € [m]} ?é%f]c UZ':|

=Ev.F maxvi] -Pr[i* € m]] = m. OFF(n).
n

Licin]



Then we turn to the online benchmark property. We prove it by induction, it suffices to prove for the
case n = m -+ 1. Assume towards a contradiction that ON(m + 1) > "t . ON(m). Then we construct a

mON(m+1) pased on the m + 1 optimal thresholds. This would

strategy for m agents with utility at least =— 7

contradict the optimality of ON(m).
Let the thresholds for m 4 1 agents be {7;};c[,41) Then we construct thresholds {7;};c[n for m
agents as follows: we first denote the contribution of the ¢-th agent as

i—1
Con(i HPr vj < 7] - Eynr, [Ui -1 [vi > 7‘1” .
j=1
Since the sum of all m+1 agents’ contribution is ON(m+1), there must exist an agent whose contribution

is < ONGn+1)

g1 - Suppose k = argmin;e(,, Con(i) and we “skip” it in the m agents case by setting

/ o ifi <k,
T, = ep .
Tiv1 ife > k.

The contributions of the first £ — 1 agents remain the same. However, the contributions of other agents
become larger without the risk that the player will accept the original k-th agent. Formally, Vi > k we
have

Con/(i H Pr vj < t EUiNFU [vi (v > t;)]

Ev, 1o, [Vig1 - Hvigr > 7i41)]
Prlv; < 7]

:HPI‘ [Uj < Tj] .
j=1
_ Con(i+1)

= > ) .
Priv, < 7] = Con(i+1)

Thus, the utility of this policy for m agents is at least M > ON(m) which is a contradiction. [J

C.1 Proof of Claim 4.3 (Case (A))

Proof. We present the proof only for the ON benchmark, as for the OFF benchmark it is almost the same.
In the lower bound (1) on ALG(n) we shall only use that

ALG(n) > By [1[n.(t) < 0] - Al — ne(4))]

as the probability Pr{n. < 0] =1 —

O(e) by the Chernoff bound. We get the desired bound as follows
ALG(n) [
7) =
A

A(n — ng ON(n — n,
[ <9} om((n—nz)' NO(N(n) )]
k

\/

ON(n

> it vy B 1 <) T
= iy oty [T <] 5]

> min O"lN(Zz) - (Prin. < 0]~ E.. [])

= o Ofll\l(flz) (1 =0(e),

where the second inequality holds, as o/:\l(? ”5)) > mingeqy] % for any value of n. > 0; the

third inequality holds by Lemma C.1; the last inequality holds by linearity of expectation and since



E[l[n. < 0] - 2=] < E[%=]; and the last equality holds since E["2] = ¢ and Pr[n. < 0] =1 — O(¢)
when n < N — 2N?/3,

Thus, ALG loses at most O(g) in v,y (or in 74 ), compared to mingey] #@2) (or minge [y #@C))
in Case (A) when n is small.

C.2 Case (B): Proof of inequality (2) and Claim 4.4

In Case (B), where n > N — 2N?2/3, we apply the Chernoff bound to the number of observed agents

ne. Let p def E[n:] = € - n. Then the event & that n. is close to p, & def ¢ [ [ne — ul < ,u2/3], has
probability Pr[€1] = 1 — O(e). Note that in the event & (n.) we have:

n—ne>n(n:) > (1—0()) n. (15)

2
The first inequality in (15) is equivalent to n. — 2(1 — e)ng < u. We have:

Mol
wlro

2
ne—2(1—e)n2 <n.—-ng <n.—us3 < pu,

Q| W~

where the first inequality holds by € < %; the second inequality is due to ne > p — u%; the last inequality
holds by n. < u + ,u%. The second inequality in (15) follows from

2/3 2/3

Ne — 2ng .1—€:n5—2n5 (=)
n € 7
—4 2/3
>HETI T (1 g
I
1
:1_O(E+M_§)a

where the inequality is due to n. < p + u%. Since we assume n > N — 2N?/3 in Case (B), we have
p=en = Q(e73), and therefore O (e + ,u_%) = O(e).
Thus, for the indicator I[n — n. > n(n.)] = 1 in (1), we can simplify the bound (1) to

ALG(n) = By, |ALG(n) -1/& ]

(H [n < 9} - A(n —ng) +1 [n > 9} -ON(n) - ONW”E”) .]1[51}] . (16)

>
2 B, ON(n)

Subcase B.1 (n > N): proof of (2). By the Chernoff bound, Pr[n. < ] = O(¢), so we can ignore
the term I[n. < 6] in (16) and obtain

n

ALG(n) > En. {]1 [na > 9} '1[[51] : "(”E)] - ON(n)

v

(1—0(¢)) - En. []I [n > 9} 1 [51“ - ON(n)

(1-0(e))- (1 =Prn. <6 —Pr[&]) - ON(n)
(1 0(=))- ON(n) > (1~ 0(=)) - A(n),

v

where the first inequality holds by Lemma C.1; the second inequality holds, as under & the ratio @ >
1 — O(e); the third inequality holds by the union bound; the last equality holds since Pr[&1] = 1 — O(¢)
and Prin. < 0] = O(e) by the Chernoff bounds. This proves (2) and is in fact stronger than what we
had in Claim 4.3.



Subcase B.2 (N — 2N?2/3 < n < N): proof of Claim 4.4. We prove the claim for the ON benchmark
(for the OFF benchmark, the proof is almost identical). We continue to simplify the lower bound (16) on
ALG(n):

ALG(n) > E,_
n

H[gl} : (]I [ns < 9] - A(n —ny) 4—]1[71E > 9} - ON(n) - n(n5)>]

> (1-0(¢)) - Ey, [11 [51} . (11 [n < 9] A(n —ng) +1 [n > 9} : ON(n))}

> (1= 0()) - En, [Aln —no)l|&1]]

where the first inequality holds by Lemma C.1; the second inequality holds as 77(#5) =1—0(e) in the

event &1; the third inequality holds as ON(n) > A(n —n.) and [[n. < 0] +1I[n. > 0] = 1. We conclude
the proof by observing that
ALG(n)

OT(TZ) >(1=0(¢)) - Ey.

A(n—nz) ON(n —ng)
ON(n—n.)  ON(n) I [51} ]

>(1-0(e)) - ;fgﬂﬁ] C;T\I(flz) .. [n ;LTLE]I {&H

>(1-0(g)) - klg[lj{}] (;4,\52) ' (Prnf [£1] = En, {%D

B - A(k)
=(1-0(¢e)) - i NG

where the first inequality follows from our bound on ALG(n) above; the second inequality holds
as % > mingey) %; third inequality follows from the linearity of expectations and since
Eyp, [2=1[&1]] < Eq,. [2=]; the last equality holds as E,, [7=] = € and Pr[&1] = 1 — O(e).

n

C.3 Proof of Claim 4.5

Proof. The second inequality is trivial, since the objective becomes smaller for any A and demand n. We
now prove the first inequality. Similarly to the birthday paradox, we observe that £ occurs with high
probability for sufficiently large 7" and Vn € [N]. Specifically,

n—1 i N-1 i 2
Pr[€|n]=1-]] (1—T) < Z?:O(N?):O(s).
=1 =1

Hence, for any algorithm A and demand n, we have
¢ [A(t,v)] =E [A(t, v) I [e(t)} FARf V)T [%H
<E [A(t,v)-1[€]| + ON(n) - E [1|€(8) |
—F [A(t,v) I [5” +ON(n) - O(e),

where the inequality follows from the fact that for any fixed time t the online algorithm E, [A(t,v)] <
ON(n) cannot do better than the optimum online algorithm that knows n. The claim follows after we
divide the above by ON(n) and take the supremum sup over all possible algorithms A. O

D Hedge Algorithm Convergence for the Separation Instance

Figure 4 plots the per-round competitive ratio of the algorithm player’s best response against the ad-
versary’s Hedge-updated mixed strategy on the separation instance of Theorem 5.1, starting from a



uniform prior on n € {1,...,10}. The ratio drops monotonically from about 0.80, crosses the L.I.D.
prophet bound o ~ 0.745 at round 342, and stabilizes below 0.739 by round 103—consistent with the
O(4/log(N)/R) convergence to an approximate equilibrium established in Theorem 4.1.
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Figure 4: Competitive ratio of the algorithm player’s best response against the adversary’s mixed strategy
over n, plotted across rounds of the Hedge dynamic on the separation instance. The dashed line marks
the L.I.D. prophet bound o = 0.745.



